Abstract. Rotational-translational addition theorems for the scalar spheroidal wave function ^\(h; r],£, (f>), with / = 1,3,4, are deduced. This permits one to represent the mnth scalar spheroidal wave function, associated with one spheroidal coordinate system (hq\ rjq, $q,<j>q), centered at its local origin Oq, by an addition series of spheroidal wave functions associated with a second rotated and translated system (hr; Tjr, ^r,<j>r), centered at Or. Such theorems are necessary in the rigorous analysis of radiation and scattering by spheroids with arbitrary spacings and orientations. ', '7, due to Dalmas and Deleuil [6, Sec. 2; 7] , These theorems have found application in the problem of electromagnetic scattering of a plane wave from a pair of perfectly conducting prolate spheroids whose major axes are in parallel alignment [6, 8, 9] . Moreover, very thin conducting spheroids can be used to model thin-wire dipole antennas, and translational addition
1. Introduction. The formally exact eigenfunction solution to the problem of acoustic or electromagnetic scattering of plane waves by two or more spherical or spheroidal scatterers requires a knowledge of certain addition theorems. About a quarter of a century ago scalar translational addition theorems for spherical wave functions were presented by Friedman and Russek [1] ; Stein [2] and Cruzan [3] later gave us the corresponding theorems for the vector (electromagnetic) case. Moreover, Stein [2, pp. 17 and 20-21] also described addition theorems for the case of rigid body rotations in spherical coordinates. The vector translational theorems were successfully applied to the problem of electromagnetic scattering by two spheres by Bruning and Lo [4] , More recently, Sinha and MacPhie [5] obtained translational addition theorems for both scalar and vector spheroidal wave functions, with the vector function M J,"] given in terms of the scalar function ^fmn by the generating operator = V^"," X a, where a = x, y, z. The alternative formulation, where a is given by the radius vector r, has resulted in the translational addition theorems for and = k 'v X M ','7, due to Dalmas and Deleuil [6, Sec. 2; 7] , These theorems have found application in the problem of electromagnetic scattering of a plane wave from a pair of perfectly conducting prolate spheroids whose major axes are in parallel alignment [6, 8, 9] . Moreover, very thin conducting spheroids can be used to model thin-wire dipole antennas, and translational addition 738 R. H. MACPHIE, J. DALMAS, R. DELEUIL theorems have recently been used to deduce the mutual admittance of spheroidal dipole antennas in parallel configuration [10] .
In this paper we consider the more general scattering problem in which the major axis of each spheroid is arbitrarily oriented. Such configurations serve as models in such practical disciplines as radar scattering from complex targets, microwave heating of complicated samples, and biomedical engineering.
Section 2 treats the quite simple problem of obtaining an addition theorem for the case of scalar wave functions when one spheroidal coordinate system is transformed into another by a simple rigid body rotation. The rotation is described by means of the well-known Euler angles (a,/3, y). In Sec. 3 the rotational addition theorem of Sec. 2 is coupled with the translational addition theorem previously obtained for scalar wave functions to deduce the required scalar rotational-translational addition theorem in which the mnlb scalar wave function ; r ), associated with the 17th spheroidal coordinate system, is given by a series expansion in terms of the spheroidal scalar wave function ty£P(hr\rr) of the rth spheroidal coordinate system. The coordinates (tj, £, <£) and notations are those given by Flammer [11] , and the reader not familiar with such matters is referred to this work. However, in the present paper h = kF, where k is the wave number of the assumed harmonic radiation and F is the semi-interfocal distance of the spheroids.
In Section 4 it is shown that the coefficient of ^^(hr; rr) in the series expansion of hq> rq) can represented in terms of a matrix product, each factor of which can be identified with a step, e.g., rotation or translation, in the overall transformation. Section 5 concludes the work with a discussion of the related problem of obtaining rotational-translational theorems for the vector case.
2. Rotational addition theorem for scalar spheroidal wave functions. We consider, as illustrated in Fig. 1 , two Cartesian coordinate systems which share a common origin O. The unprimed system (x, y, z) is, by rigid body rotation, transformable into the primed system (x\ y', z') by means of rotations through the Euler angles a, /3, y, as described by Edmonds [12] . Our task is the relatively simple one of transforming the scalar spheroidal wave function ^^(h; rj, £, <j>), having coordinates whose axis of symmetry is the z-axis of the unprimed Cartesian system (x,y,z), into an addition series expansion of spheroidal scalar wave functions tj', £',<£')> whose symmetry axis is the z'-axis of the primed system (x', y', z').
We begin with an integral representation [11, p. 48; 5, p . 145] of the mnth scalar spheroidal wave function in the unprimed system, in particular, that which is of the first kind, representable in the radial (£) direction by a series expansion of Bessel functions of the first kind: r,, £,<#>) = [2" f ejkrcos A°S^(h, cos 60)eJ""Posin0Q d60 d<f>0. (1) 4 777 J0 J0
In (1) A0 (see Fig. 1 ) is the angle measured from the vector r to the propagation vector k0 (with modulus k) of an incoming plane wave propagating toward the direction (0O,</>O). The spheroidal angle function of the first kind S^(h, cos#0) in the integrand of (1) 
Then (5) can be rewritten as
In (8), both the spheroidal coordinate system (17, £, <f>) and the spherical system (r, #,<£>) are based on the original unprimed (x, y, z) Cartesian reference frame with the z-axis as the axis of symmetry.
If we now transform the unprimed system into the primed (x\ y', z') system by rotations through three Euler angles (a, /?, y), then as Stein has remarked [2, Appendix I], there is no change in the nature of the scalar radial function in (7) but the msth unnormalized spherical harmonic can be represented in the new primed system as follows:
with /C/(a,j8, y) = (-1)
This coefficient is discussed in detail in the Appendix.
If (9) is used in (7), after which the result is substituted into (8), then with r = r' we obtain 00 ŝ >(A; !,,{,*)= Z' js~"d?n\m\{h) Z RZ;(a,p,yy%ll)(r',0',<t>'),(U)
which is recognized as a series expansion of the spheroidal scalar wave function V> £> <t>) terms of spherical wave functions 6\<f>') = js(kr') Pf(cos 0')e of the first kind expressed in the rotated (primed) spherical coordinate system. Our final task is to relate '^1)(r', 6', </>') to the set of spheroidal scalar wave functions <#>') based on the same rotated frame (x',y',z'), with z' as the axis of symmetry. To this end we now consider the integral representation of the ju,5lh spherical scalar wave function [13, p. 410; 11, p . 48] of the first kind:
For the exponential factor of the integrand of (12) where Nm,v(h') is the normalization coefficient [11, p. 22] for S^l(h'). If (13) is substituted into (12) and the integration on <£' is carried out, then only if m' = ju does the integral not vanish. Moreover, if S^v(h\cosflg) in (13) is replaced by its Legendre series expansion [as given in (2)], the orthogonality of the associated Legendre functions for |cos0q| < 1 is such that (12) reduces to 00 jV -S L' ?,*').
xHmUH + i N^h > It is to be noted that the series expansion (14) (14) into (11), and we obtain 00 00 In the expression for occurs the product d™m\(h)d^M(h')-, consequently, 91™" does not vanish if and only if n and v have the same parity. In addition, the lower limit s0 of s in the summation is given by \m\ or |ju|, whichever is greater, and moreover s0 becomes s0 + 1 if \n + v -j0| is odd.
The above analysis has focused on spheroidal scalar wave functions of the first kind whose radial behavior is of the standing wave type, expandable in terms of Bessel functions of the first kind jm+r(h£) [11, p. 31 ]. If we now turn to the travelling wave type of spheroidal wave functions such as tj, £, <p) with / = 3,4, whose variations with | can be represented by a series combination of Hankel functions r(hi;) with i = 1,2, then except for a change of limits for the integral representations (from 0 < 6 < 77 to 7T 0 < 6 < -± joo), the analysis is formally the same. In view of this fact, we recall that the series expansions (6) and (14) 
It is interesting to note that, contrary to translational addition theorems [5] [6] [7] for spheroidal scalar wave functions, in the present rotational addition theorem there is never any change of the index i from one side of (17) to the other.
3. Rotational-translational addition theorems for scalar spheroidal wave functions. In the interest of generality and in anticipation of the problem of several spheroidal scatterers with random positions and orientations, we now consider the case of N spheroidal coordinate systems whose local origins Oq are located at positions d (/ (q = 1,2,..., N) relative to the global origin O, as illustrated in Fig. 2 . The coordinate frame (xq, y , zq) is obtained from the global Cartesian reference frame (x, y, z) by rotations through the Euler angles (otq,Pq,yq).
Our purpose is to deduce an addition formula which represents the mnth scalar spheroidal wave function ^ml{hq,i]q,iq,^>q) in the qlh coordinate system in terms of a series expansion of spheroidal wave functions in the rth system centered at Ar and with a local Cartesian frame (xr,yr,zr).
As in the case of simple rotation (Sec. 2), we again begin with the integral representation *Ll)"(hq-rq) = ~jf2" /J eJk^A^{hq,cos0Oq)e^smdOqd0Oqd4>Oq,
where rq indicates the coordinate triad (ij^, <#>,,) ar>d Aq is shown in Fig. 2 . A series of substitutions identical to those that led from (1) We next rotate the qlh Cartesian frame into alignment (see Fig. 2 ) with the r'h Cartesian frame (xr,yr,zr).
In relation to the global frame (x, y, z), the qth and rth frames each have a triad of associated Euler angles, namely (aq, fiq, yq) and (ar, /?,, yr).
Then, as in the case of simple rotation, when (8) was transformed into (11), we can rewrite (19) as 00 5 <l)n{hv-,rq)= r"dT:\m,(hq) Y. R%{«qr,Pqr,yqr)Vg{rq,Oqr,*qr),
in which rq remains rq, the radial distance of M (see Fig. 2 ) from the q\h origin Oq located at Aq\ however, 9q becomes 6qr and <pq becomes <pqr. The qrth and rlh Cartesian coordinate frames are now aligned and separated by the displacement vector dqr = dr -dq. In ( 
where (dqr, 6qr, <f>qr) are the spherical coordinates of the displacement vector d /r = -dr (see Fig. 2 ) in the qrih coordinate frame. By using the second theorem due to Flammer 
In (26), if « -|m| is even (odd) the lower limit of the summation on j is \m\ (|w| + 1); a similar rule governs the lower limit of the summation on /. As can be seen, (25) transforms spheroidal scalar wave functions of the first kind expressed in the q<h coordinate system into a series expansion of spheroidal scalar wave functions of the first kind expressed in the rth coordinate system. In the same way, scalar rotational-translational addition theorems for the wave functions of the third and fourth kinds can be obtained, but the two cases, rr < dqr and rr ^ dqr, must be distinguished during the translation operation, as is done for the scalar addition theorems of spherical wave functions given by Cruzan [3] and used here.
We first limit our attention to the case rr < d , a case very useful in studies of multiple scattering of scalar or vector spheroidal waves. In the same way as for ^^(hq; rq), it is easy to deduce a rotational-translational addition theorem for ip^"(h \ rq) when i = 2,3,4 by using, in place of the following coefficient:
obtained from the form 5-1 of the addition theorem for spherical scalar wave functions, given in [3] . In addition, we recall that the series expansions (19) and (13) are also valid for i = 3. Taking into account the definitions of the spherical Hankel functions of the first and second kinds, it is evident that they are also valid for i = 4 and i = 2. Therefore, we can write 
In (29) It can then be shown that the rotational-translational matrix whose elements are ^ or a)Qqkrj coefficients, as given by (26), can be obtained by means of the following matrix product:
[Wgf] =
In (36), [Dr] is a matrix of (Nr + l)2 rows whose element in the or 7th row and ju/th or column is o;l -OA, - 
where (l)ais given by (22). The spherical-spherical rotation matrix [/?] is square with Kj elements; in the row and kf or msth column we find rM2 = = ^r::.
where RJ" is specified by (10 
=VXMW (45) where a is a constant vector or radius vector.
For the case of simple rigid body rotation and spherical wave functions, Stein [2, p. 17] has shown that it is "extremely easy" to describe the addition theorems for M Jand when a is a radius vector. On the other hand, Sinha and MacPhie [5, p. 152] have demonstrated that for simple rigid body translation the addition theorems for spheroidal vector wave functions are easily deduced if a is any one of the three Cartesian unit vectors, x, y, z. The present problem, which involves both rotation and translation, appears to lack a very simple solution for the vector case. Nevertheless, it is our intent to seek a solution, which is indispensable for the rigorous analysis of the radiation and/or scattering of electromagnetic waves from spheroidal bodies having arbitrary positions and orientations.
Appendix. Let R(a,/3,y) be the operator which represents the finite rotation under present consideration and let D^,}m(a, ji, y) be its matrix representation. This rotation operator is the product of three operators RyR/iRa with Ra operating on the wave function first. It can be shown [12, p. 8; 14, p. 51; 15, p. 20 ] that these rotations may all be carried out in the same coordinate system if the order of rotations is inverted. In this way we obtain, according to the notation of Edmonds [12] D$m(a,P,y) = e^ad±([3)e^.
(A-l)
